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1 Introduction 

This thesis is concerned with two assumptions (see II. II and II. 21 below) made in [3], these lead to 
a representation of a solution to the Cauchy-Dirichlet problem for elliptic differential operators. 
The representation consists of an iterated sequence of integrals over elementary functions in terms 
of the coefficients of the differential operator. Throughout this thesis let n be the dimension of 
the space and a some positive number less or equal to 1. Let fi be a bounded region, a^, b{, 
c G C°' Q (CT). Assume that: 

1. The matrices (aij(x)) are uniformly elliptic, i.e. there exists an A > such that 

E%0*0&& > A||£||l for all x G and f G K n ,A > 
hi 

2. \aij(x)\ < A, \bi(x)\ < A,|c(x)| < A for some A < oo 
For u G C 2 (H) define 

n n 

(1.1) Lu:= y~] ajjd Xi d Xi u + y~]bjd x .u + cu 

i,j=l i=l 

We consider the Cauchy-Dirichlet problem in Q. For no G C 2 (f2) find 

u : [0, oo) x O -> R 
with «(t, •) G C 2 (H) and «(•) G C 1 ([0, oo), C (H)) fulfilling: 

u (t,x) = Lu V i > 

(1.2) «(0,.)=«o 

n(t, x) = ,x G <9f2 

In order to show the existence of a solution and to verify the representation of this solution two 
assumptions were made in [J: Set 

(1.3) D(L) = {u G C 2 ' a (Ti) \u = 0, Lu = on dtt} 

Assumption 1.1 The closure of (L,D(L)) generates a strongly continuous operator semigroup 
on C#(n), which solves (JTT2J) for ii G D(L). 

Assumption 1.2 The set {u G C 2 ' a (U) \ u = 0, = on <9S1} can be continuously and 
linearly embedded into Cc' Q (M n ) such that ||u||cfO(]B>n) = H^llco^-j 

In other words the function space {u G C 2 ' a (fL) \ u = 0, Ln = on <9il} is a core for the 
generator of the resolving semigroup (Ti) of f j 1 . 2 [) . These functions can be embedded linearly 
into Cc' a (M n ) such that the supremum is not increased. For more details we refer the reader to 
[4|. It is important to note, that it is not sufficient for the extension operator to be bounded, 
it has to be a contraction. This thesis is organised as follows: In the first section we investigate 
the regularity theory for elliptic partial differential equations, this theory is the basis for solving 
the resolvent equation associated to (jl.2p . In the second section we proof the assumptions for 
domains with C 4 ' Q smooth boundaries and coefficients in C 2,ct (0). These additional assumptions 
are necessary because the differential operator is transformed using the diffeomorphism which 
flattens out the boundary. The transformed differential operator posesses drift terms containing 
the second derivatives of this diffeomorphism. However to construct the embedding operator 
these coefficients must be in C 2,ol (dQ). 
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2 Dirichlet problem for elliptic differential operators 

In this section we consider the (stationary) Dirichlet problem for the elliptic differential operator 
as defined in (jl.ip or the associated resolvent equation respectively. The solution theory is based 
on maximum principles, a priori estimates on the C 2 '°-norm and the solvability on balls. The 
results stated here are based on the corresponding results for the Laplace-operator, which can be 
found in [3] in Chapter 1 and 2. In the following we present the necessary lemmas and theorems, 
but give not all proofs, they can be found in [3J. Another presentation of the theory can be found 
in®. 

Definition 2.1 (Dirichlet problem for elliptic equations) Let L be the differential operator (|1.1|) . 
For a given / G C°(Tl), g G C°(Tl) find u G C°(Tl) n C 2 (0) such that: 

(2.1) Lu = f in n 

u = g on dCl 

2.1 Maximum principles 

Theorem 2.2 (Weak Maximum principle for c=0) 

Let L be the differential operator (jl.ip with c = 0, u G C 2 (Cl) n C(Q), then the following 
statements hold: 

1. If Lu > in CI, then sup u = sup u 

u an 

2. If Lu < in Cl, then inf u = inf u 

n an 

3. If Lu = in CI, then sup |u| = sup \u\ 

u an 

The proof of this theorem can be found in [3] on page 31, Theorem 3.1. 
Corollary 2.3 Weak maximum principle for c < 

Let L be the differential operator (jl.ip with c < 0, u G C 2 (Cl) n C(Q), then the following 
statements hold: 

1. If Lu > in O then sup u < sup u + 

q an 

2. If Lu < in Cl then inf u > —sup u~ 

n an 

3. If Lu = in Q then sup \u\ = sup \u\ 

n an 

The proof of the weak maximum principle can be found in [3] on page 32, Corollary 3.2. 

Corollary 2.4 Uniqueness of a solution to the Dirichlet problem 
There exists at most one solution in C°(Cl) n C 2 (Cl) to (j2.2p 

Theorem 2.5 (Strong maximum principle) 

Let L be the differential operator (jl.ip with c < 0, u G C°(Cl) n C 2 (Cl) with Lu = 0. Then u 
cannot attain a non-negative maximum, unless it is constant. 

Compare Theorem 3.5, page 34 in [3] • The condition -| < oo is provided by our assumption 
that c is bounded and the uniform ellipticity. The maximum principles and their corollaries come 
from the fact, that a C 2 (fi)-smooth function has a negative definite Hesse-Matrix at a interior 
maximum, while the coefficient matrix of the second order part of the differential operator is 
positive definite. Therefore it is not suprising that the differential operator is dissipative, provided 
c < 0. 

Lemma 2.6 Operator dissipative 

If c < then the operator (L,D(L)) of (jl.ip with D(L) as in (jl.3p is dissipative. Otherwise 
there exists anw>0 such that the operator L — oj is dissipative. 
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Proof. Case 1: c < Recall the definition of dissipative: For each u G D(L) there exists an 
u' G F(u) such that (u',Lu) < 0. For u = the condition is trivial. If u is not constant 
zero, then by the boundary conditions |u| attains its maximum in the interior. Assume first 
that the maximum is attained for a positive value at a point x$ G f2. Choose it' := S Xo (-). 
Then (u',u) = (5 Xo (-),u) = S Xo (u) = u(xq) = \\u\\. Note that at a maximum Vii(xo) = 0, 
tr(A{Hu)){xo) < since A is positive definit and H negative definit. 

n 

(u 1 , Lu) = (tr(A{Hu)) + y^bjd Xi u + cu)(x ) < cu < 

i=l 

If the maximum ||u|| is attained for u < consider —u. Then (—5 Xo ,Lu) = (S Xo , L{—u)) < 
Case 2: c arbitrary: Since c is bounded we have u := sup c < oo. Apply the proof of case 1 to 

L' = L-oj. □ 

The property dissipative can be viewn as the local analogon of the maximum principle. 
Theorem 2.7 (Interior Maximum estimate) 

Let L be the differential operator flU]) with c < 0, u G C°(Q) n C 2 (Q), f G C°(Q). If Lu = f in 
a bounded domain £1 then: 

C 

sup|u| < sup|u| + T \\f\\ c o ( m 

Moreover the constant C depends monotone increasing on the bound of the coefficients A and 
decreasing on the ellipticity constant A. 

The proof is based on the maximum principle and the construction of a certain dominating 
function. This will be done in 12. 201 below, for the monotone dependence see the remark after the 
proof of 12^01 

2.2 Estimate in the interior 

In this subsection we present certain a-priori estimates to a solution. We require / G C 0,a (Q) 
and discuss the existence of solutions in C 2,a (f2) or C 2,a (£l). Therefore we first cite a priori 
estimates on the solution in those spaces. Based on these estimates and the maximum principle 
we derive the existence and uniqueness of solutions in the next section. The interior estimates 
depend on the distance to the boundary. Therefore we introduce the following distance-weighted 
norms: Let 0<ft J] C!J,TC dtt. 

L IMIco(Qo) := SVL p(d(x,dn ))P\u(x)\ 

2 - IMI&jnuT) := sup (d(x,dn \T)f\u(x)\ 

The weighted norms || u |lc<wn ) are defined analougsly with replaced by the lim sup of 

the a-differential quotient. Define 

Hull' - ll?/ll (0) +||n 2 ? ,||( 2 ) + ||n2,,||( 2 +«) 

For a boundary portion T define: 

Hull' -Il7,ll (0) +IID7,II (1) + ||n 2 7 ,||( 2 ) 4. ||D 2 7/ll (2+a) 

I.e. as nearer a point x is to the boundary the weaker the value at this point counts. Further 
remarks to this norm can be found in [3 J on page 60. 



2 DIRICHLET PROBLEM FOR, ELLIPTIC DIFFERENTIAL OPERATORS 



6 



Lemma 2.8 Estimate in the interior - Schauder Estimate 
If u € C°(U) n C 2 ' a {n) with Lu = f. Then 

(2.2) \\u\\' c2 , a(Q) < C(n,X,A, a )(\\u\\ com + ||/||g> (n) + || 

If £1 has a boundary portion T on {x„ = 0} and u = on T then: 

( 2 - 3 ) IMIc^^UT) - C(ll n llc°(n) + H/IIco^) + H^Hc' 0+a (n)) 

Moreover the constant depends monotone decreasing on A and monotone increasing on A. 

Proof. The proof of the first estimate can be found in [3], Theorem 6.2 on page 85. It is based on 
an estimate for operators with constant coefficient matrix and no lower-order terms, which can 
be found in [3], Lemma 6.1, page 83. The monotone depending of the constant C is contained 
in the proof of the estimate for a constant coefficient matrix. It depends on the norm of the 
diffeomorphism which transforms the constant coefficient matrix to the idendity matrix. The 
analouge estimate with boundary portion can be found in [3], Lemma 6.4 , page 90. □ 

Remark 2.9 Since H/H^q) + H/H^o^q) < C|l/llc°' a (n) the right hand side of (|2.2p can be 
replaced by ||m||c70(q) + ||/Hcro,a(Q)- The same for (|2.3|) . 
Corollary 2.10 Estimate on precompact set 
Let u as in 12.81 f^o CC O, then 

\Hc^(a ) ^ c (W u W C o(n) + ll/lfita ( y 

If f2 has a boundary part on {x n = 0}. Set To = 9f2 n {x n = 0}. Let f^o C $7 with T' = d£lo H To 
and V C T C T with dist(O , dQ\T) > then: 

Ikllc^^cnoUT') < C(.\\ u \\c°(n) + ll/llcM*(fi)) 

This follows by dist(x, (90) > d > or dist(x, dQ \ T) > d > for x G O or x € O U T' 
respectively. 

Theorem 2.11 (Estimate on smooth domains) 

If <90 is C 2,a -smooth and u = on <90, Lu = f in O then: 

Nloa.offi) < C(^)A,A,a)(||w|| c o ( Q) + ||/||c°.«(n)) 

The proof can be found in [3] page 93, Theorem 6.6. 

For locally smooth boundaries we have the following local estimate: 

Lemma 2.12 Local estimate on smooth boundary portion 

Let be a domain with C 2 '°-smooth open (w.r.t the trace topology) boundary portion T, 
g € C 2,Q (0), u £ C 2 ' a (fl U T) with Lu = f in O, u = g on T. Then for each x$ and each ball 
B := B s (x ) with 6 < dist(x Q ,dtt \ T): 

\\ u \\c 2 ><x{Br\7L) - C(IMIc°(n) + llffllc 2 .«(n) + \\f\\c°' a (n)) 

Remark 2.13 It is important to note, that the norm estimate depends on the C 2,a (0)-norm of 
the boundary function at the boundary portion T only and not on the boundary values of the 
rest of the boundary. Note that in 12.121 the boundary function is assumed to be C 2 ' a -smooth in 
the whole domain. For C 2 ' a -smooth boundaries there exists always a C 2,Q -smooth continuation 
of a function which is C 2,a on the boundary to a C 2,Q -smooth function in the interior (see I4.5p . 
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2.3 Perron method, Existence of Solutions 
Theorem 2.14 (Solution on ball) 

Let CI = Bji(O) for some R > 0, g E C 2 ' a {dn), f € C°' a (Tl) then the problem: 

(2.4) Lu = f inn 

u = g on dVt 

has a unique solution in C 2,a (Q). 

Proof. By 14.51 the function g can be continued to a C 2 ' a -smooth function (also denoted by) g in 
the interior. 

Now substitue u by u — g. Then the problem ([2.4p is equivalent to: 

(2.5) Lu = f - Lg in 

u = on dO, 

i.e we consider the problem for zero boundary values. The solution to 12.41 is then given by 
uq = u + g, indeed Luq = Lu + Lg = (/ — Lg) + Lg = f . By the uniqueness of the solution of 
(|2,4p uq is the only solution and therefore independent of the concrete choice of the continuation 

of g. 

Consider the two Banach spaces 

X\ = C 2 ' a (Tl) \u = 0ondQ} 

X 2 = {ue C°> a (Tl) \u = 0ondfl} 

Then the operator A is bijective from X± — > Xi by Corollary 4.14, page 66 in [3]. Consider 
the family of operators Lf = tL + (1 — t)A. Then the coefficient matrix is given by ah(x) = 
(1 — t)5ij + tctij(x). Thus: 

£E4(*)^ = (1 - t)Uf + tXUf > min{l, A}||C|| 2 

* 3 

Thus the bound of the coefficients of Lj is given by max{l,A}. Choosing A = min{l, A} and 
A = max{l, A} there exists by the estimate 12.111 and the monotone dependence of the constant 
in (|2.8|) a constant C\, such that for every t £ [0, 1] and Ut € X\,f € X 2 with LtUt = f in O: 

IK|| C 2, a (^) < c 1 (A,A)(||it t || c , (n) + ll/llc°.«(n)) 

Furthermore by 12.71 there exists a constant C 2 with 

C 2 

\\ u t\\ C a(U) - "yll/llc°(fi) 
thus there exists one constant C3 < 00 such that for all t S [0, 1]: 

IKIIc 2 ."^) - ^3||/Hc?o.«(jT) 

i.e. ||Lfw||x 2 = ll/l|x 2 — z^lWtWx!- Thus the family of operators Lt is uniformly invertible. Since 
Lq = A is surjective it follows by the Method of continuity (|4.9p . that L\ = L is surjective. □ 

Theorem 2.15 (Solution on a smooth boundary portion for Balls) 

Let B = Br(0). Let g S C°(dB) n C 2,a (T) for some open (w.r.t to the trace topology) possibly 
empty T C dB. Then there exists a unique solution of (|2,2p in C°(B) n C 2,a {B U T). 
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Proof. Define B2 = B2r(0). We continue the function by a radial extension. Choose a cutoff 77 
for [iJ-f.fl+f] in [R-§,R+R]. Define 5l (x) := t?(|x|M^). 

Denote by f = [0,2i2]T = {x | R^ G T, [x| < 2R}. Then 5l G C°(B 2 ) U C 2 ' Q (T). Choose 
a standard dirac sequence (ff. ■ K n — > R with compact support in Si and define g k := ip k * g\. 

k 

Therefore: 

9k € C 2 > a (B) 

9k — > ffiw.r.t || • ||c(s) 
By the previous theorem 12.141 there exist Uk G C 2 ' a (B) with: 

(2.6) Lu k = f in B 

(2.7) u fe = g k on &B 



By the 3rd estimate in 12.31 the convergence of the boundary values implies that the sequence 
(uk)k is a Cauchy sequence w.r.t to the sup-Norm in B. Hence there exists u G C°(B) with 

Uk u w.r.t || • llc-o^)- Thus u = g on Since for m,n G N we have Lii m = Lu n = /, we 
have for an arbitrary x$ G B and some ball B'(xq) CC B by the estimate for compact subsets 
(l2~T0D 

||u m — U n \\(j2,a(B') — C(||^m ~~ M n|lc°("B) "I" ll-^m ~~ -^"n ||c?0.a(2?)) 

Hence is a Cauchy sequence w.r.t || • \\c 2 ><>>(B')i which converges to u. Thus Lu = f in B' 

and u G C 2 ' a (B'). Since x was arbitrary we have u G C°(0) fl C 2,a (0) and it solves ()2.4|) . 

Now let xo be any point in T. Since T is open there exists 5 > with B^(xq) flTccT and 

S 5 (x ) CC f . Denote by 5 2 = Bs_(x )nB, B x = B s (x )nB, T 2 := dB 2 (ldB. By[0]we have: 

2 

lbfcllc 2 > a (i?r) — cil5llc 2 - Q (T) 

with a constant independent of fc. Now consider the Dirichlet problem in the domain B\. The 
boundary of this domain consists of the part T\ = B\ C\T and T 2 = dB\ n 8Bs(xq). The 
u k G C 2 ' Q (5) from E3 fulfil: 

Lu k = f in Si 
u k = gk on Ti 
u k = u k on T 2 

The boundary portion T 2 of B 2 is compactly contained in T\ therefore by the local estimate for 
compact boundary portions 12.121 it holds by the uniform bound for the C 2 ' Q -norms of g k on B\\ 

sup|[n fc || c -2, a ( J B 2 uT 2 ) < Cdl^llo ^) + \\9k\\ c ^(Bl) + \\f\\c°^(Bl)) < 00 

k 

Therefore the functions u k are precompact in C 2,a (B 2 L)T 2 ) and it exists a subsequence converging 
to u in C 2 (B 2 UT 2 ). The C 2 -limit of a uniformly bounded C 2 ' a -sequence is again C 2 ' Q -smooth 
(see 14. 6p hence u G C 2,a {B 2 U T 2 ). Hence the solution is C 2,Q -smooth in xq which was choosen 
arbitrarily from T. Thus u G C 2,a (B U T). □ 

Definition 2.16 Subharmonic and Superharmonic functions 

Let L be the elliptic differential operator (|1.1|) . / G C°(fi). A function u G C (O) is called 
subharmonic w.r.t to (L, /) if for every ball B CC f2, v with Lv = f in B and u < v on 9i? it 
holds u < v in B. A superharmonic function is defined in the analogous way. Shortly writing: 

1. Subharmonic: Lv = /, u < v on dB =>- u < v in B 
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2. Superharmonic: Lv = f, u > v on dB => u > v in B 
Definition 2.17 (Subfunction) 

Let g G C (0), L,f as above. A function u G C°(f2) is called subfunction to (L,f,g) if u is 
subliarmonic and u < g on 50. 5 9 denotes the set of all subfunctions. A superfunction is defined 
analougsly. 

Definition 2.18 Harmonic lifting 

Let Q be a bounded domain, B = B R (0) C 0, R > 0, u G C (n),/ G C ' a (n) , define the 
harmonic lifting u to (L, f,B) by 

Z/u = / in 5 
u = u on <9£? 
u = u in f2 \ .B 

By 12.141 U exists and U G C°(U) Pi C 2 ' Q (i?). Furthermore for every ball B' with B' CC 5 we 
have by the estimate 12.101 

IMIc 2 .<*(B') < C(INIc°(B) + \\f\\c°' a (B)) 
Lemma 2.19 Super- and subsolutions 

Let SI be a bounded domain, L be the elliptic differential operator (jl.ip . / G C 0,Q (f2), then the 
following statements hold for super- and subsolutions to (L,f). 

1. A function u G C 2 (0) is a subsolution (supersolution) iff L-u > / (Lu < /). 

2. If u is subsolution and i> a supersolution with u < v on <9f2 then either u < v or u = v in 

a 

3. If n is a subsolution then for every Ball with B C 0, the corresponding harmonic lifting 
u is also a subsolution and u > u. 

4. If tti,it2 are subsolutions then max {ui,Uz} is also a subsolution. 
Remarks on the proof of this lemma can be found in [3] on page 97. 

Lemma 2.20 Existence of a super- and subsolution 

Let Q be a bounded domain (contained in the slab {0 < X\ < d} , L the elliptic differential oper- 
ator (|l.ip with c < 0, g a bounded function on the boundary, / G C (O). Then a supersolution 
and subsolution respectively to (L,f,g) is given by: 

1. v+ = supM + {e< d - e 7^)M^Cn) 

2. „- = -sup| 5 | - {e< d - e ^) mic ° m 

for a constant 7 > depending on the coefficients of L and d. For a general bounded domain fi 
the appropriate super- and subsolution is given by a translation. 

Proof. Consider v + . Since the second term is positive for 3; £ O it holds v + > g on d£l. Set 
/i = M^CB1 ; then for 7 > 0: 

Lv + = (a n d Xl d Xl v + + bid Xl v + )fi + cv + 
< -(a ll7 2 e^ - 6i7e^)/i 
<(-A7 + A) 7 e^/i 

= (-7 + y)7e w H/llco ( n) 

Choosing 7 sufficiently large we have Lw + < — ||/||com) — /• Together with 12.31 we have, that 
Lv + is a supersolution. The proof for the subsolution works analougsly. □ 
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Remark 2.21 For a solution u with Lu = f in Q and u = g on d£l it holds: 

v~ < u < v + 

This prooves the interior sup-norm estimate of a solution 12.71 The choice of 7 determines 
\(e' yd — e 7Xl )| and therefore the constant C in the interior estimate 12.71 Analyzing the proof one 
can see, that if 4 gets smaller then the lowest possible choice of 7 decreases and therefore also 
the constant C. This gives the monotone dependence of C, as mentioned in 12.71 

Theorem 2.22 (Interior solution) 

Let L be the elliptic differential operator (jl.ip . / € C°' a (Q),g € C°(Q). S g the set of all 
superfunctions to (L,f,g). The function 

(2.8) u{x) = supu(x) 

veS a 

is in C 2 ' a (Q) and fulfills Lu = f in O. 

Proof. By |2.191 item (ii) each subfunction is dominated by a superfunction. Hence with the sub- 
and superfunctions from 12.201 we have: 

v~{x) < u(x) < v + (x), x € $7 

thus |u(x)| < 00. 

o 

Let xq G Q.. Choose two Balls B'(xq), B(xq) with 

b'(x ) c b(x ) cc n 

By definition of the sup there exists a sequence of subfunctions v k € C°(f2) such that Vk(xo) k ^S? 
u{x). Define v' k = max{vk, infu(x)}, the harmonic lifting to (L,f,B). Then v 1 € C 2,a (B). Since 

|max|ffe, infiifx)}! < lul 

we have by the interior maximum estimate 12.71 

IKIIc°(B) - (IMIc°(?T) + C \\f\\c (Ti)) 

Thus the v' k are bounded. 

Furthermore v' k > Vf. in B, thus 1^(20) *— ^? u(xo)- By 12.181 we have: 

(2-9) iKllc^(B') < C{\\v' k \\ c0(B) + ||/|| c o,a ( 5)) < C^dlullcfo^j) + \\f\\ c o,»(n)) 

Thus the functions (v' k ) k are uniformly bounded in C 2 ' a (B'). By the compactness of the embed- 
ding C 2 ' a (B') M> C 2 {B') there is a subsequence converging in C 2 to some v' . This 1/ satisfies 
Lu' = / in B' and u{x$) = v'(xq). Since the sequence converges in C 2 -norm and is uniformly 
bounded in C 2 ' a the limit v' is also in C 2 ' a (B') (by I4.6|) . 

Assume now there exists a xi £ such that: v'(xi) < u{x\). Let {wt) € S g such that 

w k{x\) tt(xi). Define w' k = max{v\wk} again by compactness we find a C 2 ' a -smooth w 

with Lw = f and w > 1/ in £?. Hence L(i/ — to) = in i?', (1/ — w) < 0. But at Xo we have 
w(xo) = v'(xq) = w(xo). By the strong maximum principle 12.51 the function v — w must be con- 
stant, contradicting the assumption. Hence u(x) = 1/(21) in B' and therefore it (a;) is C 2 ' Q -smooth 
in xq and satisfies {Lu){xq) = f(xo). □ 

The theorem above provides an interior solution for 12. 11 The next step is now to show that un- 
der certain conditions on the boundary, the solution attains the boundary values g continuously. 
These conditions are especially fulfilled for C 2 -smooth boundaries and cuboid domains. 
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Definition 2.23 Barrier 

Let (L,f,g) as in 12,221 A net of functions {wt )e>o G C 2 (S7) n C°(f2) is called a barrier to 
(L, f,g) for a point Xo, if: 

1. Lw+ < f, Lw- > / inn 

2. > g, w~ < g on d£l 

3. wt'~(x ) ^ g(x ) 

Each wf is a superfunction and each w~ is a subfunction. Hence w £ {x) < u(x) < w^~(x) 
therefore we get the following lemma: 

Lemma 2.24 Continous attaining of boundary values 

Let (L, f,g) as in 12.221 If xq has a barrier then for u(x) = sup , g G C°(f2) it holds u(x) — > li(xo) 
for x — > Xq, i.e. u(x) G C (0). 

Proof. Since itfj and are superfunctions and subfunctions respectively we have for all e > 0: 

w e( x ) — u ( x ) < u^t"(a;) f° r x € ^. Since w £ (xq) '—^l g(xo) and w £ are continuous we have 
u(x) — )• g(xo) if x — > xo- □ 

Lemma 2.25 External sphere condition 

Let L be the elliptic differential operator (fTT]) . p G C°(T2), / G C°' Q (0). A point x on dtt 

satisfies the external sphere condition, if there exists a sphere S such that S D 5f2 = {xo}. In 

this case the interior solution u(x) = supv (x) is continuous at this point. In particular, if all 

ves g _ 

points satisfy the external sphere condition then the solution is in C 2,OL {£l) Pi C°(Q). 

Proof. Let xq G dVt and Bn{y) such that: B^{y) Pi <9S7 = {xo}. By translation we may assume 
y = 0. Define io(x) = r(R~ a — r~°~), r = \x\. For x G f2: 

Lw(x) = rLCi?-' 7 - r- CT ) = Tar^ +4 \-(a + 2)^o ii x i x j + r 2 (^ 0ii + 6;x;)) + rc^" - r" 7 ) 

i,j i 

< To-r-( a+2 \-(o + 2)A + J^a^ + b iXi ) 

i 

The last equality follows since c(R~ a — r~ CT ) < and aijXiXj > A||x|| 2 = Ar 2 . 

Since Q is bounded, we have Y2 a U + ^i x i = C± < oo. Thus for a large enough the second factor 

i 

is strictly negative, then choose r large enough such that 

Lw(x) < —1 in f2 

Furthermore tu(xo) = and by the external sphere condition dist(Q, 0) > |xo| = r, 
■u;(x) > in Q \ xq. Using this function we can now construct a net of barriers. 
Let e > 0. Since g is continuous there exists a neighborhood U with g(x) < g(xo) + e. 
Since u>(x) > 5 > for all x G <9S1 \ (dtt P U), there exists a fe £ such that: 

w£" (x) := g(xo) + e + k £ w(x) > g(x) 

Substitute k' £ = max(k £ , sup|/| + A|g(xo)|) then 

n 

Lwf(x) = c(g(xo) + e) + k £ Lw(x) 

< c(x)g(x ) - k' £ 

< c(x)g{x ) - |/(x)| - A\g(x )\ 
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< -\m\ 

Hence wf defines an upper barrier analougsly w~ = g(xo) — e — k e w{x). 
By 12,241 the solution is continuous in xq. 

□ 

Theorem 2.26 (Smooth solution on smooth boundary portion) 

If T is a C 2,a -smooth boundary portion and g G C 2,a (Q U T) then the solution u f|2.8|) is in 
C 2 ' a (n U T). If 80, is C 2 ' a then the solution is in C 2 ' a (TL). 

Proof. See [3], Theorem 6.14, page 101. □ 

Summarizing we have seen that for C 2,a -smooth boundaries and / G C 0,a (£l) the Dirichlet 
problem 12.11 has a C 2 ' a (0)-smooth solution. In cuboid domains we have smoothness of the 
solutions except for the boundary corners and edges, the solution is however continuous on the 
whole boundary. 

3 Elliptic operators with (^'"-coefficients in C A,a smooth domains 

In this section we consider the assumptions 11.11 11.21 on domains having C 4 ' Q smooth bound- 
ary. For the differential operator (jl.ip assume additionally that the coefficients aij,bi G 
C 2,a (Q) for i,j < n. The additional assumptions on the coefficients are made to construct 
the contractive extension operator, the semigroup exists also for coefficients in C 0,a . The higher 
smoothness assumptions of the domain are made to ensure that also the transformed differen- 
tial operator (see I3.3P has C 2,a smooth coefficients. Recall that the matrices a%j are assumed 
to be uniformly elliptic with ellipticity constant A > and the coefficients are bounded by A. 
Throughout this chapter f2 is a bounded domain in R n , x n denotes the n-th coordinate of a point 
in W 1 . 

Lemma 3.1 (Density of C%' a (n) in Cg(fi)) The space C°' a (0) is dense in Cg(fi). 

Proof. We have the inclusion C^°(Q) C Cg' a (0) C Cg(f2). By a generalisation of the Stone- 
Weierstrass-Theorem C^°(Q) is dense in Cq(Q), see 14.81 □ 

Theorem 3.2 (Operator semigroup) 

Let Q be a bounded domain with C 2 ' a -smooth boundary. (L, D(L)) the differential operator p. ID . 
D{L) as in (|1.3p . Then the closure of the operator (L,D(L)) generates a strongly continuous 
semigroup on Cq(O). 

Proof. Set uj := sup c(x). By 12.61 the operator L — uj is dissipative. Now consider for A > uj, 
f G C°' a (Q) the resolvent equation multiplied with —1: 

(3.1) (L-A)u = /onft 

u = 0on d£l 

This defines an elliptic equation as in (|2.2p with c = c — A < 0. By 12.221 there exists a unique 
solution in Cg (fL)nC 2,a (£l). By the smoothness of the boundary values and the boundary we have 
with I23H1 that u G C 2 ' a (TL). Hence the image of D(L) = {u G C 2 ' a (Ti) \ u = 0, Lu = on dfl} 
under A — L contains C°' a (Q) and is therefore dense in Cg(fi). By 14.191 the closure generates a 
strongly continuous semigroup. □ 
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Thus assumption 11.11 is proved. Now we construct the continuation operator. The operator 
is constructed locally and uses the symmetries of the differential operator. First the boundary 
is straighten out, which transforms also the differential operator. Then the symmetries of the 
resulting operator together with the boundary conditions are used to continue the function by 
a squeezed reflection in a certain direction. The standard continuation operators, see e.g. [3], 
Lemma 6.3, p. 131 are not suitable, since they are in general not contractive. They continue a 
function outside a domain by a weighted sum of the function values inside the domain. These 
weights have different signs and the sup-norm of the continued function is in general strictly 
larger. The extension operator presented here overcomes this difficulty by doing a certain re- 
flection, i.e. each function value outside corresponds to a function value inside, so the sup-norm 
stays the same. To guarantee the smoothness of the continued function it is however necessary to 
restrict this operator to C 2,Q -functions with the additional boundary conditions u = 0, Lu = as 
in (jl.ip . Therefore the extension operator and the generator of the semigroup are closely related. 
The construction of the extension operator starts locally. In order to define the extension the 
boundary has to be flatten out and the differential operator has to be transformed in a suitable 
form. For this we need the notation of a transformed differential operator (|3.3p . The existence 
of a suitable transformation is given in Lemma (|3.4p . Then in Theorem (|3.8p the local extension 
operator is constructed. Finally in Theorem (|3.9p the global extension operator is constructed. 

Definition 3.3 (The Pullbackoperator and the transformation of a differential operator) Let Qi, 
CI2 C M n be two domains. F : Cli — > Q2 a C '"-diffeomorphism. This diffeomorphism induces a 
continuous isomorphism the Pullbackoperator 



Let L\ : C 2 ' a (fti) — > C ' a (fti) be a differential operator of second order as in (jl.lt then we 
define the transformed differential operator L2 : C 2,a (^2) C 0,a (£l2) by L2 = {Tf)~ 1 o{L\oTf) : 
C 2 ' a (n 2 ) C ' a (n 2 )- For u 2 G C 2 ' Q (ft 2 ) with u x = u 2 o F, y = F(x ), x G Qi we have: 
(L>2U2)(yo) = (LiUi)(xq). Using the chain rule, the derivatives up to second order w.r.t. to the 
original variable x can be written in terms of the derivatives w.r.t. to the new variables y. For 
i,j G {!,..., n} we have: 



So the drift coefficients of the transformed differential operator contain derivatives of second 



order of the diffeomorphism. If F G C 4 ' Q (r2i) then bi G C 2,a {VL2). (See also [3] on page 91). 
Hence there exist o^,6j G C 2 ' a {U,2), c G C 0,a (Q,2) such that: 



(3.2) 



Tp : C s ' a (n 2 ) -> C'^ni), for s + a < 4 + a 
T F (g)=goF , i/e^(fl 2 ) 



n 




k,l=l 




F 



^2 



C7 2 ' Q (^i) 



c 2 > a (n 2 ) 



Li 



■ L 2 



C°' Q (^i) 



c°> a (n 2 ) 
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x 



(uoF)(x ) 



Li 



(L\u o F)(xq) 



t: 



yo 



u(yo) 



--: L 7 



(L 2 u)(y ) 



Lemma 3.4 Transformation to an operator with no mixed derivatives 

Let R > 0, = B R (0) C M n , L 1 the differential operator JUI])) acting on C 2 - a (£^(0)) with 
coefficients 

a !3 ,^C 2 ' a (B^(0)) for i,j<n 

For a point x G R n denote by x( n_1 ) the vector of the first (n-1) components and by x n the n-th 
component. Then there exists a C 2 ' Q -smooth map F : Q,\ — > F(Qi) with the following properties: 

1. For x G ill with x n > it holds (F(x)) n > 

2. For x G with x n = it holds (F(x)) n = 

3. There exists a < R' < R such that the restriction F 1 = F\ 
i.e. F 1 :B R f(0)^F 1 (B R f(0)) 



B R ,(0) 



is an C 2,Q -isomorphism, 



4. The transformed differential operator L 2 = TZ\ ° L\ o Tpi, has no crossterms of second 
order for points in .B^(O). That is for y = F(x) with x n = it holds y n = and Oi n (y) = 
for 1 < i < n, where denote the crossterms of L2. 



Proof. Denote by x^ n ^ the first (n 

: fii -> R, = 5 i(x (n " 1} 



1) coordinates of a point x. For 1 < i < n define 

a nn (x( n ^,0) 



gi is a C ' a (f2i)-function because the coefficients are assumed to be in C ' Q (f2^ ) and since Li is 



uniformly elliptic a nn > 0. Define g : Sli 

F : fii — > 



pn— 1 



by = Si 0*0- Define 



Denote by fi 2 = -F(^i) 



(DF)(x) 



W 1 , F{x) 
Id+ (Dg(x))x n g(x) 



x^ ^ + g[x)x n , x n ~j 







1 



for all x G 



Now for a; = 0, it holds Det(DF 1 )(0) = 1. By the Inverse-Function theorem l4.21I .F is a local C 2 ' a - 
diffeomorphism in a neighborhood of 0. Hence there exists a R' > with R' < R such that F 1 := 
-^1^/(0) i s a diffeomorphism. Now substitute R by i?' and denote by J7i = = F 1 (^i)- 

In order to calculate the coefficients of the transformed differential operator L 2 we have to write 
the partial derivatives in the original variable x in term of derivatives in the new variable y. By 
the chain rule we have V x = V y (DF 1 ) in the sense that (V x ui)(xo) = (V y u 2 )(yo)(DF 1 )(xo) 
for u 2 G C 2 (£l 2 ), u\ = u 2 o F . For convenience we use this notation in the following, i.e. we 
identify the transformed differential operator and the differential operator itself. 



n-1 

9 xi = d Vi + x n ^2(Dg)jid yj 

3=1 



3 ELLIPTIC OPERATORS WITH C 2 > a -COEFFICIENTS IN C 4 ' a SMOOTH DOMAINS 15 



n-l 
3=1 

n—l n—l 

d Xi d Xj = (dy i + x n ^2(Dg) ji d yj )(dy j + x n ^{Dg) kj d yk ) 

j=l k=l 
n—l n—l 

dxAn = (9 yi + x n Y,{Dg) 3l d y] ){d yn + Y J 9 3 {^ n ~ 1) )d yj ) 

3=1 3=1 

n-l 

= d Vi d Vu + XnC^2(Dg) ji dy j d yn + P (n _i)) 

3=1 

d Xn d Xn = (dy n +g T (V y n -V) T )(d yn +g T (V y n -V) T ) 
= d yn d yn + 2g T (d yn V y n - 1 Y + Pn-i 

where P( n -i) denotes (different) terms only depending on partial derivatives of first or second 
order w.r.t to the coordinates 1 to n — 1. For xo with x n = we have: 

d Xi d Xn = d yi d yn + P (n _i) 

n-l 



d Xn d Xn = dy n d yn + 2^2 gi (x )d yi d yn 
i=i 

Plugging this in the definition of L\\ 

Li = P{n-i) + ^ a ind Xl d Xn + a nn d Xn d Xn 

n-l 

= P{n-i) + 2a in (d yi d yn + P (n _i)) + a nn (dy n d yn + 2^^(xo)<9j /l 9j /n ) 

i=i 

= -P(n-i) + 2(am + a nn gi(x ))d yi d yn + a nn d yn d yn 
By the definition of g we have for every xq G -B^(O): 

«m(^o) + ann5j(^o) = («» + a nn (- — )){x ) = 

Thus: 

a^(yo) = aj n (x ) + 9i(xo)a n n(xo) = 



□ 

Lemma 3.5 (Construction of the reflection function) Let R > 0, a, b € E, a > 0. Then there 
exists a 5 > and a twice differentiable function F^ : E — > E which maps the interval (—(5,0] 
to [0, R) and 

*3!(o) = o 

(3-3) (Fi 2 fe ) )'(0) = -1 

Furthermore the largest possible (5 depends montone increasing on a and decreasing on 6. Denote 
by F : E + x E x E — > E the function F(a, b, x) = F^(x). Then for parameters a,b from 
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subsets A = [A, oo), B = [—A, A], A > 0,0 < A < oo there exists a common 5 > such that 
F(A x B x (—(5,0]) C [0, R). And the function F(a,b,x) = F a ^(x) depends C°°-smooth on a, b 
for a > 0. 



Proof. For s G M define 



*2(-) :="(-> 



a 

If b ^ then F^(a) = |s(s-f),ifb = then F a ( J(s) = -s. 

Obviously 13,31 is fulfilled and for o ^ the function is C°°-smooth in the coefficients. If b = 
then F v 6 is a linear function and maps (— JR, 0] to [0,i?). If 5 < then the function is positive 
between the negative zero f and 0. If 6 > then the function is positive for all negative s. The 

choice of 5 depends therefore on the negative zero of F^(s) if b < and on the negative zero of 
F^(s) - R if b > 0. The second zero of F$ is given by s 2 = f . If b < then F a ( J(s) > for 
s G [s 2 ,0] and F^s) < -s for s < 0. 
Hence for 5 < min{|||,R} it holds F®((-5,0}) C [0,R). 

(2) 

If b > then i*^ b (s) > for all s < 0. Let sr be the negative zero of the function 

G(a, b, s, R) = F(a, b, s) - R, then for 6 < \s R \ it holds F®((-5, 0]) C [0, R). Using the implicit 
function theorem one can see, that the zero sr = sr(cl, b) depends differentiable on a and b and 
that d a sn < and d^SR > for a G A, b G B. Thus |s2 1 gets larger if a gets larger or if b gets 
smaller. If the negative zero gets smaller than the possible choice for 5 gets larger. Thus, for 
a G [A, oo), b G [-A, A] it holds S(a, b) > <5(A, A) =: 5 and thus 

F({a} x {&} x (-S o ,0\) C F({a} x {6} x (-5(a,b),0}) C [0,i?) 

and 



F(A xBx {-5,0}) C [0,i2) 



□ 



Lemma 3.6 (Extension operator in 1 dimension) Let a > 0, b G R. Then there exists a 
continuous linear extension operator E from the Banach space 

X 1 := {u G C 2,Q (Mo ) | a<9A«(0) + bd s u(0) = u(0) = , supp(u) C [0, C)for some C > 0} 

into C 2,a (IR) such that ||F«||£0(r) = |Mlc°(.R+) an d supp(Fii) C [— 5, oo) for some S > 0. 

Proof. Let F = F ( J , <5 = S(a, b) as in [33J Define 

(Fu)( S ) = 




Since F maps (—5, 0) into R + the operator is welldefined. Furthermore for s > or s < 
the function Eu is a composition of C 2,Q -smooth functions and therefore itself C 2,Q -smooth for 
s^0. It is left to show C 2 ' a -smoothness for s = 0. Since u G C 2,a (IR^) we have by l4~23l that 
the one sided derivative d^~u(0),d^~d^~u(0) exist and coincide with the corresponding continuous 
continuation of the derivative in the interior. Hence the boundary conditions imply: 

(3.4) (adfdfu + bdfu)(0) = 

For s < 0: 



(d s Eu)(s ) = d s u(F(s ))(F'(s )) 
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(d s d s Eu)(s ) = d s d s u(F(s ))(F'(s )) 2 + d s u(F(s ))(2-) 

a 

Note that the function F is monoton decreasing near thus a lower derivative turns into an 
upper derivative: 

d~(Eu)(0) = -S a -(«oF)(0) = -(d+u(F(0)))F'(0) = = d+(Eu)(0) 

the equality * follows by F(0) = 0, F'(0) = -1. 

(3.5) d-d s (Eu)(0) = -d;(d-(Eu))(0) 

= -d-(((d+u)oF)F r )(0) 

= -(dfdfu)(F'f(0) - ((3+u))(2-)(0) 

a 

= -a s + a+n(o)-a+n(2-)(o) 

a 

By 13.41 we have bdfu(0) = —adfdfu(0) and thus 

= (-d+d+u + 2d+d+u)(0) = d+dfu(0) 

Hence d-{Eu)(0) = d+(Eu)(0) and d-d~(Eu)(Q) = d+d+(Eu)(0). The second derivative is 
also in C°' a ((— 8, oo)), since it is Holder continuous in both subintervals (—8, 0] and [0, oo). Thus 
Eu defines a function in C 2 ' a ((-5, 0] Ul+)). Choose now a cutoff r\ for IR + and (—5, 0] and define 
finally: 

E\u = rjEu 

then Ei : X\ — > Cc' a (M) and obviously ||ii||c°(R) = || u l|c (R+V * s a linear operator from the 



Banach space (Xi, \\ ■ \\c a < a (s+)) t° (Cc ,a (^), \\ • \\c 2 ' a (R)) an< ^ continuous from (X\, || • ||c?g(R)) to 
(Cc' a (M), || • ||c*o(R))- Bv l4.10I Fi is therefore also continuous from (X\, \\ ■ \\ c 2, a ^+^) to (Cc' a (IR), || • 
llc c 2 ' a (R))' ^ 
Remark 3.7 The C 2,Q -norm of E\u can be explicitly estimated by the C 2 ' Q -norm of u, the 

(2) 

reflecting function F^ fe and the cutoff r\. 

Theorem 3.8 (Extension operator on straight boundary) 

Let R > 0, Q = [-R, R] n , Q°'+ = [-i?,^]™" 1 x [0,R]. Let L be the elliptic differential operator 
(|1.1D with coefficients aij,bi G C 2,a (Q°' + ). Assume furthermore, that L has no crossterms, i.e. 
for x G Q with x n = it holds a,i n (x) = for i < n. Denote by A and A the ellipticity constant 
and the bound of the coefficients respectively. Then there exists a linear (continuous) extension 
operator E from the space 

X x := {u G C 2 ' a (Q°' + ) | u{x) = {Lu){x) = for all x with x n = 0} 

E : Xi — > C 2 > a {Q) 

such that ||Fii||(^o(Q) = |Mlc°(<2°<+) 

Proof. Denote by Q^" 1 ) = [-R,R] n - x . For x = (x^^Xn) G Q define 

F{x) = F(a nn (x^ , 0),b n (x^ , 0),x n ) 

where F is the reflecting function from !3.5l Set 5 := 8(X, A). Then 5 > and 5 < 5(a nn (x), b n (x)) 
with 5(a,b) as in 13.51 Therefore F(x) maps elements from Q^ 1 ) x (-8,0] into Q^- 1 ) x [0,R). 
Define 

w , f-u^ 71 - 1 )^^)) -<5<x n <0 
(Fu)(x) = < 
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As in the 1-dimensional case ||i£ii||c»<WQ) = |Mlc (<2°.+)- F° r x n > this function is C 2,a . For 
x n < (Eu) = uoFo(a nn (x), b n (x),x). Since F is C°°-smooth and the coefficients are C 2,a (Eu) 
is also C 2,a . By 14,231 the partial derivatives (d Xi u)(xo), (d Xi d Xj u)(xo) for xq G Qo an d < n 
exist and furthermore the one sided limits (d Xn u)(xo), (d Xn u)(xo), (d Xn d Xi u)(xo) ,(d Xi d Xn u)(xo) 
exist. Since for x n = we have (Eu)(xq) = u(xq), Eu is twice continuously differentiable in 
directions 1 to (n — 1). Bv l3,6l the function Eu is twice continuously differentiable in x n . Thus for 
xq € Q° is differentiable, twice differentiable w.r.t x n and twice differentiable in the variables 
Xi for i < n. It is left to show the existence of the mixed derivatives d Xi d Xn and d Xn d Xi . Denote 
by Ui n (i < n) the continuous extension of d Xi d Xn u to Q°' + . Then: 

d Xt d Xn (Eu)(x ) = d Xi d+ n (Eu)(x ) 
= (uin)(xa) 



(d- n d Xi (Eu))(x ) = (d- n (d Xi u + d Xn u(d Xl —)x 2 n ) o F)(x ) 

= d~ n ({d Xi u)oF)(x Q ) 

= -(d+ n d XiU )(F'(x )) = (dld Xi u)(x ) 

Hence Eu is twice differentiable in [— R, i?]^ -1 ) x (—5, oo). The second derivatives are also Holder 
continuous in x n = since they are Holder continuous in Q + and Q~ . Choose now a cutoff r/ 
for Mq" and (— 6, R] and define finally: 

E\u = n(x n )Eu 

Then E\ : X\ — > C 2 ' a (Q), analogously to 13.61 one can show using |4~TU| that the operator is also 
continuous from 

{X u || • || 09 , a(g o, +) ) into (C 2 > a (Q), || • \\c2, a{Q) ) □ 
Theorem 3.9 (Extension on whole domain) 

Let Q C W 1 be a bounded domain with C 4,a -smooth boundary. L the elliptic differential operator 
(jl.ip with coefficients a>ij,bi € C 2,a (Vl). The space {u £ C 2,a (ft) \ u = 0, Lu = on dft} can be 
continuously and linearly embedded into Cc' a (M n ) such that \\u\\c2(WL n ) = IMIc ^) 

Proof. The proof works as follows: For each point the boundary can be flatten out locally. For 
the flat boundary the diffeomorphism for transforming the differential operator f|3.4j) and the 
extension operator (|3.8p are applied to extend the function locally. The global construction 
follows using a partition of unity. Now to the details: Let R > 0. By definition of C 4,a - 
smoothness we find for each point xq E dQ a neighborhood U XQ and a diffeomorphism *S/ X0 such 
that V X0 (U X0 ) = B R (0), V Xo (U Xo ndn) C B° R {0), V Xo (U Xo nn) C B+(0), i.e. points inside 
have positive component x n , points on the boundary zero component etc. Now fix some xo € Oil. 
Denote by Li jXq = T^ o L o T\^ Xq the transformed differential operator acting on C 2 ' a B R Jr (0). 

This transformed differential operator has also C 2,a smooth first and second order coefficients 
by the remarks after 13.31 By 13.41 there exists a C 2 ' a -smooth diffeomorphism F% on -Br(O) (after 
a possible substitution by some smaller R'). Then L2 = TZ± o L\ xo o T F i defines a differential 

operator having no mixed derivatives of second order on F% (B R (0)). Since V XQ is open there 
exists a cuboid Q XQ CC V XQ . Set U XQ = ^ X q{F Xo ) (Q xo ). The sets (U x ) x edCl cover the boundary 
and by compactness of the boundary there exists a finite number (J7j)i<i<jv covering dCl. Denote 
by ^i,F^,Qi, the corresponding diffeomorphism and cuboids. Let 

1. Fi = F} o : \J % -». Qi 

2. T t = T^ i o T F i : C s > a {Qi) — ► C s ^{Ui) for s + a <2 + a, sGN, < < 1 
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3. 4 := Tr 1 oLoTi : C 2 ' a (Q° l ' + ) — ► C°' a (Q° i ' + ) 
Set 

Xi = {ue C 2 ' a (Q° i ' + ) | u(*) = L\u(z) = for z n = 0, } 
Since L\ and Xi fulfil the assumptions of 13.81 there exists a continuation operator 

Ei : Xi —7- C 2 ' a (Qi) 

with ||£ , jM|| C 0Q i = ||tt|| C 0Q+- 

For u G C 2 ' a (r2) with Lu = u = on the boundary, we have Uj := T^ l u G Xj, indeed: For 
z G Q° we have Fr ! (z) € <9ft and thus (Tr 1 u)(z) = n(^ 1 (z)) = and 

Li( Ui )(z) = (Tf 1 o L o TiUiKz) = (Lu)(Fr\z)) = 0. 

And the smoothness is immediate by the smoothness of u and the diffeomorphisms. Thus the 
extension operator Ei can be applied to T^ 1 u. 

Hence we can define a global extension operator in the following way: Choose a Uq CC O 
with C Uq U [J Ui and the corresponding partition of unity ($i)o ■ 

£:{«£ C 2 ' Q (n) | u(x) = Lu(x) = for x G <9ft} — > C 2 ' a (M n ) 

AT 

tt — > + X^ Ti ^ ° T ^ ln 

i=i 

where <I>j is meant as the pointwise multiplication operator. 

Denote by Ei = Ti o Ei o T~ the local extension operator acting on C/j. Since for x G O D Ui it 

N 

holds Eiu(x) = u(x) and ^<£j = 1 in Q, we have .Ett = ii in O. Since 

j=o 

iV 

< 1 in W 

i=0 

and <]?j > and the local extension are contractive we also have: 

IMIcg(R») = ll u llc*°(n) 

Finally G Cc' a (W l ) yields that Eu G C c 2 '°(lR n ). 

The continuity from (X\, \\ ■ \\(p,a(^ 

) to (CZ> a (W n ), || • \\ C 2 

> a (R«)) f° uows analougsly to [3JU using 

□ 

Remark 3.10 For u G C 2 ' Q (f2) the C 2 ' Q -norm of Eu can be estimated by the C 2 ' a -norm of u, 
of the function F(a,b,s) (|3.5p . the diffeomorpism F 1 and ^ applied in 13.91 and the partition of 
unity. 

Theorem 3.11 (Core) 

Let Q be a domain with C 2 ' a -smooth boundary, L the elliptic differential operator 1 1 . 1\ with the 
additional property, that G C 2,a (Q) (for 1 < i,j < n). Then the set D(L) := {u G 

C 2,a (£l) | u = 0, Lu = on d£l} is a core for the generator of the operator semigroup 
(T t )t>o, solving the Cauchy-Dirichlet Problem (|1.2p . and can be embedded into Cc' Q (IR n ) such 
that IHIco(Rn) = |M| c o(n) 

Proof. By 13.21 the closure of (L,D(L)) generates a strongly continuous semigroup (Tt). By 13.91 
D(L) can be embedded into Cc' a (M n ) in the required way. □ 
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4 Appendix 

For completeness we list here some theorems and lemmata which were used in this thesis 

4.1 Tools from elementary Analysis 
Lemma 4.1 Cutoff for A and B 

Let A, B two subsets of M n with A CC B, i.e. dist(A, dB) > 0. Then there exists a function rj 
called cutoff for A and B with: 

77 = 1 on A, supp(r ? ) CC B, 7] G C°°(R n ) 

One can construct such an function easily by convolution of the indicator function of A with 
an approximate idenity with sufficiently small support, compare [6], 2. 18, page 117. 

Definition 4.2 Dirac sequence 

A sequence of functions (<£>fc)fceN is called standard dirac sequence, if: 

1. ip k G C°°(]R n ) 

2. supp^) C Bi(0) 

k 

3. ip k > 

4. J R „ (Pk = l 

Lemma 4.3 C°°-smoothness 

Let / G L^K"), cf) G C c °°(IR n ) then: 

(j)*f G C°°(lR n ) 
Lemma 4.4 C fc '°-norm estimate of the convolution 

Let f2 be a bounded region, B CC O, <fk a standard dirac sequence with compact support, 

V>k = * U_ 

If u G C fc ' a (0) then for all fc with dist(B, 90) > 

|p*||c fc > a (B) — ll u llc fc . a (0) 
Proo/. First let u G C°' Q (n). Set C = \\ 

u \\c ' a (Ti)' Then for x G B, we have x — z G O for all 

z G Bi(0) 



(4.i) M*) = / M z) luk{x ~ * ] ~ My ~ z)l dz < cf Mz)dz = C 
\x-y\ a J Bl \x-y\ a J Bl 

Where * holds since x — z,y — z££l and thus \uk(x — z) — Uk{y — z)\ < C\x — y\ a 
Now if u G C fc (0) a simple calculation involving an integration by parts yields: 

D s (ip k * u)(x) = (tfk * D s u)(x) for all x G B 

for every multiindex with |s| < k. (See e.g. [3] page 143, Lemma 7.3). Thus: 

\\D s u\\ c o (B) < \\D s u\\ c o (n) 

□ 

Lemma 4.5 Extension of C fc,a -smooth boundary function 

Let be a region with a C fc,a -smooth boundary, let g G C k ' a (d£l). Then there exists an 
gi G C fc ' Q (0) with gi = g on dfl. 
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See [3] page 131, Lemma 6.38 
Lemma 4.6 Smoothness of precompact sequences 

Let fceN, 0<a<l, fia domain with C fc,Q -smooth boundary. If for some I G N, < /3 < 1: 
I + (3 < k + a, then the embedding: 

C fc ' a (Q) c-> C' ,/3 (0) 

is compact. Moreover a bounded sequence u n G C fc '°(0) has a subsequence converging in C k - 
norm and the limit u is again in C k,a (Q). 

Proof. The proof of the compactness of the embedding can be found in [3j, page 130, Lemma 
6.36. Now the second part: Let u k G C 0,a (O) a sequence with Hc7°. Q: (ri) — ^a- By compactness 

there exists a u G C°(f2) and a subsequence with u ni l —> u _ Now for x,y G f2 we have: 

- u(y)| < J u ~ u kn\\ C (Q) u kn (x) - u kn {y) 



\x — y\ u \x — y\" \x — y\ 

<2 h ; UkJc ^ +Co 

\x — y\ a 



By passing to the limit this gives: 



\u(x) - u(y)\ < c 



\x — y\ a 

Thus u is also Holder continous in J7. □ 
Theorem 4.7 (Stone- Weierstrass) 

Let K be a compact set. Then C°°(K) is dense in C°(K) w.r.t the sup-norm. 
Theorem 4.8 (Density of C^°(0) functions in C#(0)) 

Let Q C W 1 be a bounded domain. Then C^°(Q) is dense in Cq(Q) w.r.t the sup-norm 

Proof. Let u G C$(U). Define U n = {x G n j dist(x,<9Q) > ±}. Thus = U Sl n and 

Q n CC f2 n +i- Let e > 0. Since u = on 9f2 there exists an n such that: |ii(x)| < £ for x ^ Sl n . 

il n+ i is compact, u\ q — is continous, by 14.71 there exists a u £ G C^On+i) with 

\\U - «e|| C 0(Q^7) < £ 

In particular u £ (x) < 2e for x G 9fi n . Choose now a cutoff r/ for £l n and ^ n +i. Define u e = rju £ . 
Then tT e G C£°(Q) and ■Ue(x) < 2e for x ^ O n . For x G f2 n : |ii(x) — u £ {x)\ = \u(x) — u e (x)\ = e. 
For x ^ fi n : |u(x) — u e (x)| < e + 2e. Thus \\u — UsWqq^ < 3e. □ 

4.2 Functional analytic tools 
Theorem 4.9 (Method of continuity) 

Let X\, X2 be two Banach spaces. Lq, L\ linear continous operators from X\ to X2. Set 
L% = (1 — t)Lo + tLi. Assume there exists a constant c > such that: 

\\L t x\\x 2 > c||x||xi 

for all x G X\, t G [0, 1]. Then Lq is surjective, iff Lt is surjective for all t G [0, 1]. 

The proof can be found in [B] p. 70 Theorem 5.2 (Method of continuity). 
Theorem 4.10 (Continuity of a linear Operator) 

Let (X, || ■ \\x)> (Y, \\ ■ \\y) be two Banach spaces. Let r\ be a coarser Hausdorff topology of X, Ti a 
coarser Hausdorff topology ofY. (IfU C X is open w.r.t to T\ then U is also open w.r.t \\ ■ \\x-) 
Assume that T : (X, T\) —> (Y, T2) is a continous linear operator. Then T : (X, \\-\\x) (Y, \\ ■ ||y ) 
is also continous. 
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Proof. We show, that the graph T(T) is closed as a subspace of (X, \\ ■ \\x) x (Y, || • ||y). Let 
(u n ) n a sequence in X with (u n ) r iZ^? u w.r.t || • \\x and (Lu n ) n —f v w.r.t || ■ ||y. Since ri and 
T2 are coarser we have also: 



(u n ) — > u w.r.t T\ 
(4.2) (Lu n ) n — u w.r.t T2 



Since L is continous from (X, ri) to (Y, T2) we also have: 

(4.3) (Lu n ) n - — ^ Lu w.r.t T2 

Since T2 is hausdorff f)4. 2[) and (j4.3|) imply: Lu = v. Thus T(L) is closed and therefore by 
the Closed-Graph theorem L is continous from (X, \\ ■ \\x) to (Y, || • ||y). 

□ 

4.3 Operator semigroup theory 

Throughout this subsection X is a Banach space. 

Definition 4.11 Strongly continous (contraction) semigroup 
A family of operators Tt, t E (0, oo) fulfilling: 

1. Ttu u for all u £ X 
2- T t -\- s = T t T s 
is called a strongly continous operator semigroup (s.c.s). 

If ||7t||op < 1 then the family is called a strongly continous contraction operator semigroup (s.c.c.s) 

Remark 4.12 One can show, that every strongly continous operator semigroup is exponentially 
bounded, i.e there exists an w < oo with: ||Tt|| op < exp(wt) 

Definition 4.13 Dissipative 

A linear operator (L,D(L)) on X is called dissipative, if for every x G D(L) there exists a 
x' G F(x) with: (x',Lx) < 0. 

Remark 4.14 Note that by Hahn-Banach there exists always an element x' G X' with (x',x) = 

= thus the definition is senseful. 

Lemma 4.15 A linear operator (L,D(L)) is dissipative, iff for every A > and all x G D{L): 

||(A-L)x|| > A||x|| 

Theorem 4.16 (Hille-Yosida) 

A linear operator (L,D(L)) is the generator of a strongly continous contraction semigroup, iff it 
fulfills the following properties: 

1. D(L) is dense in X . 

2. (0,oo) C p(L) 

3. \\R{\,L)\\ < i for all A > 
Theorem 4.17 (Lumer-Phillips) 

Let (L,D(L)) be a densely defined, closed and dissipative operator. If there exists a Xq > with 
rg(Ao — L) = X then rg{\ — L) = X for all A > and (L,D(L)) generates a strongly continous 
contraction semigroup. 

Theorem 4.18 (Closure of an essential m-dissipative operator) 

Let X be a Banach space, (L,D(L)) a densely defined dissipative operator. Then the following 
holds: 
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1. (L,D(L)) is closable 

2. rg(X-L)=rg(X-L) 

3. If there exists a A > such that: rg(X — L) = X then the closure (L,D(L)) generates a 
strongly continous contraction semigroup. 

Theorem 4.19 (Rescaling of a semigroup and generator) 

Let (L,D(L)) be a densely defined operator. If there exists an to > and an A > U) such that the 
operator L := L — uj is dissipative and rg{\ — L) = X then the closure of (L,D(L)) generates a 
strongly continous semigroup (Tt) with \\Tt\\ < exp(wi). 

4.4 Tools from multidimensional Analysis 
Lemma 4.20 (Differentiability of the Operator Inversion) 

Let A G M nxn with Det(A) ^ 0. Then there exists a neighborhood (w.r.t to the Operator 
topology) of A such that the mapping 

Inv : V(A) -> GL{n) 

X ->■ x- 1 

is holomorphic. 

This can be seen using the Neumann-Series for (A + X) = A(l + A~ l X) for ||X|| op sufficiently 
small. 

Theorem 4.21 (Local diffeomorphism theorem) 

Let f2 C W 1 be an open set, F : $7 — > K" a mapping, which is C 2 ' a -smooth in fL Let xq £ $7. 
// Det{DF)(xo) 7^ then there exists a neighborhood U of xq, V of F(xq) and a mapping 
G : V —7- U with F oG = Iy , G o F = ly . Moreover the mapping is C 2,a -smooth in V, i.e. F is 
a C 2,a -diffeomorphism. 

Proof. By the well-known Inverse- Function theorem (see [5], Theorem 7.3, page 223) there exist 
a neighborhood U of (xq), V of (F(xq)) and a G € C 1 (y) such that F : U — > V is bijective, 
F o G = Iy. G o F = I v and (DF)(x) G GL(n) for x G U. Hence it is left to show that 
the first derivatives of G are also differentiable and the second derivatives are Holder continous. 
We denote the variables in V by y, and in U by x. We have F o G{y) = y for y G V . Thus 
®m(Fj o G) = 5ij for all i < n using the chain rule and product rule respectively we get for 
x£U: 

n 

dy,(F 3 o G)(y) = ]T (d Xk Fj) (G(y)) (d yi G k )(y) = for all j 

k=l 

Thus: d Vi G(y) = ((DF)(x))~ 1 ei. F is twice differentiable and the Operator-Inversion is holo- 
morphic, hence the first derivatives of G are also differentiable. 

n 

(4.4) d Vh d Vh {F j oCO(y) = a Ml ^d Xh F j )(G(y))(a Vh G k ){y) 

k=l 

n n n 

k=l fc=lfc 1= l 

= 

With (DF)jf. = d Xk Fj 

n n 

fc=ifc 1= i 
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thus: 

n n 

(dy n d yt G)(y) = ((DF)(G(y)))-H-Y;Y.( d ^ d ^^^ 

fe=lfc 1= i 

The terms {d Xki d Xk F)(G{y)){d yii G k ){y)(d yi2 G kl ){y) are Holder continous since F E C 2,a and 
dyfik are continously differentiable. Thus the right hand side of (|4,4p is Holder continous. □ 

Remark 4.22 One can easily see, that this procedure can be applied to higher derivatives for 
sufficiently smooth F. Thus if F is C k,a then G is also C fc,Q -smooth. 

Theorem 4.23 (Differentiability along the boundary and one sided limit) 

Let R > 0, Q = (—R,R) n C W 1 be a cuboid. Let u E C 1 (<5°' + ), denote by Ui the continous 
extension of the partial derivative d Xi u for i < n, and Uij the continous extension of the second 
partial derivative i,j < n. then for xo E Q° we have: 

1. For i ^ n u is differentiable in the i-th coordinate and (d Xi u)(xo) = Ui(xo) 

2. The one sided limit d^ n u{xo) exists and d^ n u(xo) = u n (xo) 

If u E C 2 (Q 0,+ ), denote by the continous extension of the second partial derivative i,j < n, 
then for i,j^n: 

1. The second partial derivative in directions i,j exist and (d Xi d Xj u){xo) = Uij{x$). 

2. d£ n u is differentiable in direction i and d Xi d^ n u{xo) = Ui n {xo) 

3. d+ n d Xi u(x ) exists and d+ n d Xi u(x ) = u in (x ) 
in particular we have d Xi d Xn u{xo) = d Xn d Xi u{xo) 

Proof. Denote by e n the n-th unit vector, u n the continous extension of the interior derivative 
to the boundary. By virtue of the mean value theorem there exists h! £ (0, h) such that: 

u(x + he n ) - u(x ) mvt a , , , , v r , u \ 
= d Xn u{x + h e n ) = u n (x + h e n ) 

For /i->0we have that h! — > and thus since u n is continous in Q 0,+ : 

d+ u{xq) = \iva.u n {xQ + h'e n ) = u n (x ) 

/i->0 

Now let i ^ n: For h small enough such that xo + hei and xq — hei are contained in Q° we have 
for every e > 

u(x + hei) - u(x Q ) 

= u(x + hei) - u(x + hei + ee n ) + u(x + h&i + ee n ) - u(x + ee n ) - u(x + ee n ) - u(x ) 
By virtue of the mean value theorem there exists Ex, £2 £ (0,e),h' € (0, h): 

= d Xn u(x + ha + £ie n )e + d Xi u(x + h'a + ee n )h + d Xn u(x + e 2 e n )e 

Thus: 

u(x + hei) ~ u(x ) u n (x + ha + exe n ) + u n (x + e 2 e n ) ,, 

I Ui(x )\< hmsup(| e|+ 

n £ _>o n 

\ui(x Q + h'a + ee n ) - Ui(x )\) 



5 LIST OF SYMBOLS 



25 



Since u n is continous in Q ' + , u n is bounded and therefore the first term of the right hand side 
converges to 0. Since Ui is uniform continous we have: 

< sup \ui(x + h'ei) - u»(xo)| 

h'e(0,h) 

which tends to zero for h — > 0. 
Hence: 

o Xx u(x ) = hm = Ui{xo) 

\h\-*0 h 

The statements for the second derivative follow by applying 14.231 1 to m and u n respectively, 
the third statement follows by applying 14.231 2 to U{. □ 

5 List of symbols 

1. N, R the set of natural numbers, the set of real numbers 

2. C fc ' a (ft) the space of k-times continously differentiable functions on a domain ft 

3. Cc' a (ft) the subspace of C k,a (Q) of functions with compact support in ft (ft a domain) 

4. Cg '"(ft) the subspace of C k ' a {n) of funct ions, which are zero on the boundary of ft (ft a 
domain) 

5. C fc,a (ft) the space of all C fc,a (ft)-functions such that the derivatives admit a continous 
extension to the boundary and the second derivatives admit a hoelder continous extension. 

6. C7o(R ri ) the spaces of continous functions vanishing at infinity. 

7. L p (M. n ) the space of p-integrable measurable functions. 

8. (•, •) the dual pairing in Banach spaces 

9. F(u) the set of normalized tangent functionals 

10. • the euclidean scalar product on R n 

11. H(u) the Hessian matrix of a function u, (H(u))i 7 j = didjU 

12. (DF) the Jacobi matrix of a differentiable map F : R n -> R n , (DF) jk = d k Fj 

13. GL{n) the group of all invertible W 1 x R n -matrices 

14. ej the i-th unit vector 

15. f * g the convolution of a L 1 (M n )-function / and a L p (R")-function g, i.e. (/ * g)(x) = 
f R n f(x - y)g(y)dy 

16. A CC B for B compact, A is compact contained in B, i.e. A C B 

17. M+ = M n (W 1 - 1 x R+), for Id" 

18. M~ =MD(R n - 1 x R-) 

19. M° = M n {W 1 - 1 x 0) 

20. M°'+ = M n (R"- 1 x R+) 

21. the positive and negative part of a function respectively. 
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